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ABSTRACT 
A maximality principle on ordered metric spaces (comparable with Brezis-Browder’s one) is used 
to obtain a number of flow-invariance results for (non-semigroup) closed processes as well as for 
(function-contractive) semigroup processes on complete metric spaces. As an application, a 
function-lipschitzianness test (extending a similar CrandaIl-Pazy’s result) for this class of con- 
traction semigroups is offered. 
INTRODUCTION 
An important problem concerning a wide class of evolution processes acting 
on a (complete) metric space is that regarding flow-invariance properties with 
respect to a certain class of subsets (especially closed subsets) of the considered 
metric space. As first results in this direction we must quote the 1942 Nagumo’s 
theorem [26] as well as the 1970 Brezis’ theorem [5] proved by a polygonal and, 
respectively, differential inequality procedure (see also the 1969 Bony’s theorem 
[4] proved by a “geometric” procedure) in case of a semigroup process generated 
by a differential equation on a finite dimensional Banach space. A second lot of 
results, obtained especially by R.H. Martin Jr. [23] and N. Pave1 [27] proved by 
a polygonal procedure combined with monotonicity methods deals with semi- 
group as well as (non-semigroup) evolution processes generated by differential 
equations on infinite dimensional Banach spaces. Finally, a third lot of results 
in this direction seems to be initiated by H. Brezis and F.E. Browder 
[6] -through a general principle on ordered sets discovered by the authors - 
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and deals with semigroup processes acting on a complete metric space. Under 
these lines, it’s the main aim of the present note to state and prove a number of 
flow-invariance theorems for (non-semigroup) closed processes as well as for 
semigroup processes acting on a complete metric space, the basic instrument in 
proving these results being a maximality principle, that may be considered as a 
metric version of the above quoted Brezis-Browder’s ordering principle. As an 
application, a lipschitzianness test for semigroup processes on complete metric 
spaces (extending a similar one due to M.G. Crandall and A. Pazy [14] in case 
of a Banach space) is given. 
1. A MAXIMAL ELEMENT RESULT 
A fundamental result concerning maximal elements in an arbitrary ordered 
set is the celebrated Zorn’s theorem (see, e.g., J. Kelley [21, p. 331) and its 
subsequent variants. However, in case of a supplementary structure introduced 
on the ambient ordered set, this result seems to be somehow difficult to be 
directly applicable and, for this reason, it’s justified to look for an adequate 
formulation - via these structures - of this basic theorem. It’s the main aim of 
this paragraph to give such a maximal element result in case of an ordered 
metric structure. Moreover, it should be noted that, since our proof requires 
only an ordinary induction argument, the considered maximal element result 
(stated below) may be regarded in the same time as a metric version of Brezis- 
Browder’s ordering principle [6]. 
Let (X, d) be a metric space and let I be an ordering on X (i.e., a reflexive, 
antisymmetric and transitive relation on X). For every x E X, let X(x, I ) denote 
the subset of all VEX with x~y. A sequence (xn; n EN)cX is said to be 
monotone iff xi I xj whenever i 5 j, i, j E IV, and asymptotic iff d(xn,xn + l)-+O as 
n + 03. A subset YcX is said to be order-closed iff, for every monotone 
sequence (x,,, n E IV) c Y and every element XE X with xn *x as n+ m we have 
x E Y, in this context, the initial ordering I is said to be self-closed iff X(x, I) is 
an order-closed subset of X, for every XEX. Finally, the ambient metric space 
(X, d) is called order-asymptotic iff every monotone sequence is an asymptotic 
one and order-complete iff every monotone Cauchy sequence is a convergent 
one. 
Now, the announced maximality principle on this class of ordered metric 
structures may be stated as follows. 
THEOREM 1. Under the above general notational conventions, suppose the 
following conditions are fulfilled 
(i) I is a self-closed ordering 
(ii) (X, d) is order-asymptotic 
(iii) (X, d) is order-complete. 
Then, for every x E X there is a maximal element 2 E X with x 5 2. 
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PROOF. Firstly, we claim every XE X has the property 
m for every E > 0 there is an element y 1 x such that d(y, z) < E for all z 1 y. 
Indeed, assume there is XE X for which (P) does not hold, that is, there exists 
E > 0 with the property: for every y 1x there is an element ZT y with d&z) 1 E. 
Then, we immediately construct a monotone sequence (yn; n E N)cX with 
d&, yn+ 1) 1 .s, n E N, and this contradicts (ii), because this sequence is not an 
asymptotic one. Now, Iet x E X be arbitrary fixed and put xo =x, E = (3)” = 1. By 
(P), an element x1 2x0 may be found with d(xl, y) < 1, ~2x1. Furthermore, for 
xi E X and E = (#)l= 3, and element x2 2x1 may be chosen with d(x2,y) < +, y 1x2, 
and so on. By induction, we get a monotone sequence (xn, n E N) c X satisfying 
d(xn+l,y)<(j)“, allyrxn+l, nEN 
so that it appears as a monotone Cauchy sequence and then, by (iii), xn+z as 
n-00, for some z E X. We claim z is our desired element. Indeed, from (i) 
coupled with 
x=x05x1 5x25 .*.; xn+z as n-+oo 
we derive xn 5 z, n EN and, in particular, XIZ. On the other hand, let y E X be 
such that z I y then xn ly, n EN and, therefore, by the choice of our sequence, 
d(xn + I, y) < (j)", n EN, that is, xn +y as n +oo so that, by the uniqueness of the 
limit in our metric structure, 2 = y, proving z is a maximal element. Q.E.D. 
A partial indication about the power of our maximal element result follows 
from the considerations below. Following L. Nachbin [25, p. 1001 an ordering 
I on a metric space (X, d) is called semi-closed iff X(x, I) is a closed subset of 
X, for every x E X. Since, evidently, every semi-closed ordering is, necessarily, 
self-closed, a sufficient condition for (i) is 
(i)’ I is a semi-closed ordering. 
Note that, in these circumstances, the corresponding variant of our maximal 
element result coincides with Theorem 3.1 of the author [35] proved by a direct 
application of Zorn’s theorem. Moreover, it was shown in the above quoted 
author’s paper that an important example of ordering I on X satisfying (i)’ and 
(ii) is that furnished by the choice 
XI y iff d(x, y) of -fat) 
f being a function from X into R satisfying 
(ii)’ f is kc and bounded below 
in which case, a sufficient condition for (iii) is, clearly, 
(iii)’ (X, d) is a complete metric space. 
Under these assumptions, the corresponding statement of Theorem 1 coincides 
with some maximal element results established by I. Ekeland [16], [17] and 
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A. Brandsted [7], [9] (see also J.P. Aubin and J. Siegel [l], E. Bishop and 
R.R. Phelps [3], M. Turinici [34], J.D. Weston [37]). In the same time, 
following Ekeland-Brondsted’s pattern [17], [8], one may easily express the 
considered statement of Theorem 1 as a fixed point one, in which case we 
obtained Caristi’s theorem [l l] (see also F.E. Browder [lo], J. Caristi and 
W.A. Kirk 1121, S.A. Husain and V.M. Sehgal [19], S. Kasahara [20], W.A. 
Kirk [22], J. Siegel [32], M. Turinici [33], C.S. Wong [38]). 
2. FLOW-INVARIANCE FOR CLOSED PROCESSES 
Let (V, d) be a complete metric space. For every v E J’,r>O and every non- 
empty subset WC V, let d(v, W) denote the distance between v and W (the 
infimum of all distances d(v, w) with w E W) and W(v, r) the W-closed ball with 
center v and radius r (the subset of all elements w E W with d(v, w) I r). Now, let 
FC V be a closed subset of I’. By a F-closed process on V we mean a mapping 
(t, v) I- S(t, v) = S(t)v from R + x V into V satisfying assumptions 
(iv) S(0) = I (the identity mapping) 
(v) for every decreasing sequence (tn; n EN) C R+ and every sequence 
(vn; n~N)~Fwith b-t, ~~-+vandS(t,,)v~+wasn+~forsome teR+, 
v E F and w E V respectively, we have S(t)v = w. 
Suppose henceforward S is a F-closed process on V. By a flow-invariance 
problem with respect to S and F we mean the problem of finding sufficient 
conditions of a “local” type (with respect to the temporal variable) guaranteeing 
that the considered process S remains, in a “global” sense (again with respect to 
the temporal variable) in a certain neighborhood of the closed subset F, 
provided that, at the moment t = 0, this condition be satisfied. As a notational 
convention, for every nonempty subset WC V, let S(t)&’ denote the subset of 
all S(t)w, w E W (t E R+ being a given positive number). In this case, the first 
main result of this note is 
THEOREM 2. Let S and F be as before and suppose there exists a couple of 
functions K and N from R + in to itseif, with K increasing, N strictly increasing 
and K(0) = H(0) = 0 such that, for all s > 0, v E F, 
inf (1 /(N(s) - H(r))d(S(s)v, S(r)F(v, K(s) -K(r))) I 1 
osr<s 
Then, the following evaluhtion holds 
WEI d(S(t)u,F(u,K(t)))lH(t),alZ tER+,uEF. 
PROOF. Let a > 1 be an arbitrary fixed number and let X denote the Cartesian 
product R + x F metrized by the usual “product” metric. Define an ordering I 
onXby 
(t, u) I (s, v) iff t 1 s, d(u, v) I K(t) - K(s) and 
d(S(t)u, S(s)v) 5 a(H(t) -H(s)). 
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Clearly, X is a complete (hence order-complete) metric space. Moreover, by a 
standard argument (see, e.g., author’s paper [34]) it’s also clear X is an order- 
asymptotic metric space. Finally, let us prove our ordering is a self-closed one. 
Indeed, let the element (.s, v) E X and the sequence ((&, un);n E N) CX be such 
that (s, v) s (tn, w,), n EN, (tn, u,) I (tm, urn), n I m, and (tn, un)+(f, U) as n -, m for 
some (t, U) E X, that is 
(2) s a tn, d(v, u,) <K(s) - K(tn), d(S(s)v, S(tn)un) I a(H(s) - H(tn)), n EN. 
(4) &-+t and un+u as n+oo. 
From the first part of (2) and (3) we get (taking into account (4) plus the 
monotonicity of K) sz t and d(v, u)~K(.s) -K(t). Moreover, from the second 
part of (3), (S(t,&;n EN) c Vis a Cauchy sequence, hence SUM+ w as n+ 00 
for some w E V so that (again by (4) combined with our closedness hypothesis 
(v)) S(t)u = w which gives (taking the limit in the second part of (2) and 
remembering N is an increasing function) cZ(S(s)v, S(f)u) I a(H(s) - H(t)) and 
this proves our claim. In this situation, Theorem 1 being applicable, for every 
fixed element (t, U) E X a maximal element (s, v) EX may be found with 
(f, U) I (s, v). Suppose ~-0. For every (r, w) E X with 0 ~r<s, w EF(v, K(S) -K(r)) 
the relation (s, v) 5 (r, w) does not hold and thus (since sz r and d(v, w) I 
SK(S) -K(r)) we must have by the definition (1) 
and this implies (dividing by H(s) -H(r) and taking infimum with respect to 
w E ev, Ja) - Hr))) 
( 1 /(H(s) - H( r))d(S(s) v, S( r)F( v, K(s) - K(r))) 2 a 
which clearly leads us to a contradiction of (C) if we take infimum over r and 
remember cz is supposed to be greater than one. Therefore, necessarily, s=O 
and, in this case, relation (t, U) ~(0, v) becomes (by (iv) plus the hypotheses 
about K and N) 
t 10, v E F(z.4, K(t)), d(S(t)u, v) I aH(t) 
which gives at once 
d(S(t)u,F(u,K(t)))laN(t),t~R+,u~F 
a relation equivalent, in fact, with (LE), because a> 1 was arbitrarily chosen. 
Q.E.D. 
As an important particularization, suppose K and Ware linear with respect to 
t, i.e., K(t) = k&H(t) = hf, te R+, for some k, h >O, and, on the other hand, 
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suppose theF-closed process Ssatisfies the additional “contractive” assumption 
(vi) d(S(t)x, SCW I d(S(b(t - s))x, u), t L s 2 0, x,,y E V, for some b > 0. 
Then, the above main result may be put into the following practical form. 
THEOREM 3. Under the same general assumptions as in the main result, plus 
the assumptions stated before, suppose that 
(Cl lim inf (l/t)d(S(bt)v,F(v,kt))zzh,vcF 
r-o+ 
then 
(JW d(S(t)u,F(u,kt))lht, tER+,uEF. 
This result leads us to the following important conclusion. Namely, suppose 
the F-closed process S satisfying the additional assumption (vi) is such that 
there is a process (t, v) k T(t, v) = T(t)v from R+ x V into V (called the 
“derived” process associated to S) satisfying condition 
(Q) lim (1 /t)d(S(t)v, T(t)v) = 0, all v E V 
I+0 
then, a necessary and sufficient condition for the validity of (C)l is 
tQC> lim inf (l/t)d(T(bt)v,F(v,kt))l h, VEF. t-o+ 
Indeed, it suffices to observe that for all t > 0, v E F 
(1 /t)d(S(bt)v, F(v, kt)) I (1 /t)d(S(bt)v, T(bt)v) + (1 /t)d( T(bt)v, F(v, kt)) 
and conversely 
(l/t)d( T(bt)v, F(v, kt)) 5 (l/t)d(S(bt)v, T(bt)v) + (l/t)d(S(bt)v, F(v, kt)) 
so that, if we take lim inf as t-O+ in these relations, we get (by condition (Q)) 
lim inf (l/t)d(S(bt)v,F(v,kt)) =lim inf (l/t)d(T(bt)v,F(v, kt)), YE F 
t-0, f-O+ 
and this proves our claim. Particularly, in case V is a Banach space, suppose 
the F-closed process S satisfying the additional hypothesis (vi) possesses an 
infinitesimal generator A from V into V that is, for every YE V, 
(5) AV=:IIJ (I/t)(S(t)v-v) 
exists. Then, it immediately follows that, if we define the process T from 
R+ x Vinto Vby 
(6) T(t)v=V+tAV,tER+,VE v 
condition (Q) will be satisfied, so that, (QC) may be expressed as 
(QC> lim inf (1 /t )d(v + btA v, F( v, kt)) < h, v E F 
t-0, 
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in which case, it may be compared with a number of “non-semigroup” 
invariance conditions used by R.H. Martin Jr. [24] and N. Pave1 [27] (see also 
N. Pave1 and F. Iacob [28], N. Pave1 and I. Vrabie [30], G. F. Webb [36]) in 
case the initial evolution process is generated by a (functional) differential 
equation on the considered Banach space. 
3. SEMIGROUP-INVARIANCE RESULTS 
A close analysis of the preceding (invariance) conditions (C),(C)’ as well as 
evaluations (LE),(LE)’ shows that they are “local” ones with respect to the 
ambient (closed) subset F (i.e., these conditions and evaluations are in terms 
of distances to a neighborhood of the current point of the subset F). It 
would therefore be of interest to replace them by (invariance) conditions and 
evaluations of a “global” type (in terms of the distances to F) eventually under 
some restrictive assumptions (of a “semigroup” type) about the process taken 
into consideration. To this end, we have to introduce a number of appropriate 
notions. A function f:R+ *Z?+ is said to be normal iff it satisfies 
(7) sup Cf(s);O5s5t)< + 00, all tr0 
in which case, the function g from R + into itself defined by the left hand side of 
(7) will be called the associated function generated by f. Also, a function 
N:R+ +R+ is said to ,be f-admissible provided that 
(8) f(s)H(t - s) 5 H(t) -H(s), all t2s2 0 
(9) H(t) > 0 = H(O), all t > 0 
(10) H(t)-0 as t-+0 
(note that, by (8), N is necessarily increasing on R +). Let Af denote the class of 
all f-admissible functions N:R + +R+ ; in case & is not empty, the generating 
function f will be called admissible. Now, let (V, d) be a complete metric space, 
FC V a (nonempty) closed subset of V and f:R+ +R+ a function. By a (F,f )- 
contraction semigroup on V we mean a mapping (t, v) +S(t, v) = S(t)v from 
R + x V into V satisfying hypothesis (iv) plus 
(vii) S(t + s) = S(t)oS(s), t, s E R + 
(viii) d(S(t)x,S(t)y) <f(t)d(x,y), TV R+,x,y~ V 
(ix) S(t)v-+v as t-+0+, uniformly with respect to v E F. 
It is almost clear, by (vii) plus (viii) that a natural hypothesis about the 
function f is 
W f(tlf@)~f(t+s),Cs~R+ 
On the other hand, for a number of technical reasons we accept also the 
assumption 
(xi) f is normal and admissible. 
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Now, under these notational conventions and basic hypotheses, the second 
main result of this note may be stated as follows. 
THEOREM 4. Suppose the (F, f j-contraction semigroup S and thef-admissible 
function WE Ay are such that 
(0) lim inf (1 /H(t))d(S(t)v, F) I 1, v E F r-o+ 
then the following evaluation holds 
(GE) d(S(t)u,F)<H(t),tER+,uEF. 
PROOF. Suppose a > 1 is an arbitrary fixed number and let X be defined as 
in Theorem 2. Define a relation I on X by 
(11) (t,u)l(s,v) iff trs andd(S(t-s)u,v)saH(t-s). 
Clearly, I is reflexive and antisymmetric. To verify the transitivity property, 
let (t, u), (s, v), (r, W) E X be such that (t, U) I (s, v) and (s, v) I (r, w), that is 
tls,d(S(t-s)u,v)IaN(t-s);slr,d(S(s-r)v,w)Ian(s-r) 
then, t 1 r and, by hypotheses (vii) + (viii) pIus (8) 
d(S(t - r)u, w) = d(S(s - r)S(t - s)u, w) 5 
I d(S(s - r)S(t - s)u, S(s - r)v) + d(S(s - r)v, w) I 
I aCf(s - r)H(t - s) + H(s - r)) I uH(t - r) 
proving I is an ordering on X. Firstly, X appears as a complete - hence order 
complete-metric space. Secondly, we claim X is an order-asymptotic metric 
space. Indeed, let ((G, un);n EN) CX be a monotone sequence in X, that is, 
(12) t,, 1 tm, d(S( tn - tm)un, urn) I aH( 6, - tm), n 5 m 
then tn - tn+ 1 +O as n* oo on one hand and, by hypothesis (ix), 
d(un,S(tn- tn+l)un)+O as n+m, on the other hand so that, by (10) 
d(un, un + I ) I d(un, S(tn - tn + l)un) + d(S(tn - tn + ~)un, un + 1) I 
~d(un,S(tn-t,,+&n)+aH(tn-tn+l)+O as n-+= 
proving our claim. Finally, the considered ordering I on X appears as a self- 
closed one; for, let the element (s, v) EX and the monotone sequence 
((b, un);n EN) CX be such that (s, v) I (tn, un), n EN and (h, un)+(t, u) as n-00, 
for some (t, u) EX that is, condition (12) plus 
(13) s L t,,, d(S(s - tn)v, u,) I aH(s - t”), n E N 
(14) t,,+t and un*u as n+oo 
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hold. From the first part of (13) and (14), SL 1. On the other hand, by hypo- 
theses (vii) plus (viii) as well as the second part of (13) we get (rememberingf is 
supposed to satifsy (xi)) 
d(S(s - f)v, u,) = d(S(s - tn)s(tn - t)v, 24,) s 
I d(S(s - &)S(& - t)v, S(s - b)v) + d(S(s - t&J, un) 5 
sm - hJ)d(S( t, - t)v, v) + aff(s - fn) I 
sg(s- t)d(S(h- t)v, v)+aH(s- t), all nfZV 
so that, passing to limit as n--+c= and taking into account hypothesis (ix) we get 
d(S(s - t)v, U) I aH(s - t) that is, (s, v) I (t, u), proving our assertion. Therefore, 
Theorem 1 again applies; in this case, for every arbitrary fixed (t,u) EX, a 
maximal element (s, v) E X may be found with (t, U) d (s, v). Suppose s > 0. For 
every (r, IV) E X with Odrts, the relation (.s, v) I@, IV) does not hold so that, 
(since s 1 r) we must have, by definition (11) 
d(S(s-r)v,w)>aH(s-r),OIr<s,w~F 
or, denoting for simplicity t = s - r 
d(S(t)v, w) > aH(t), 0 c t rs, w EF 
Taking infimum with respect to w one obtains 
d(S(t)v,F)2aH(t),Oc tls 
and therefore, if we divide by H(t) and take lim inf as t+O+ , condition (0) will 
be violated. Consequently, s = 0 and, in the case, relation (t, U) I (0, v) becomes, 
by (iv) 
trO,d(S(t)u, v)laH(t) 
which immediately implies 
d(S(t)u,F)IaH(t),tER+,uEF 
a relation equivalent, in fact, with (GE) because a> 1 was arbitrarily chosen, 
and this ends the proof. Q.E.D. 
As an useful remark, let K:R+ +I?+ be a function satisfying (9) plus (10) 
(with I!? replaced - formally - by K) as well as 
(15) lim H(t)/K(t) = 1 
t-0 
then, a necessary and sufficient condition guaranteeing the validity of (0) is 
(0) lim inf (l/K(t))d(S(t)v, F) I 1, v E F. t-o+ 
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Concerning the generating function f appearing in the definition of a semi- 
group process, a fundamental choice is that expressed by 
(16) f(t)=e”‘, tfzR+, for some o=R 
in which case, hypotheses (x) plus (xi) are automatically satisfied a standard 
f-admissible function being given by 
(17) H(t) = (h/w)(eor - I), t E R + (w # 0) 
=ht , tER+ (o=O) 
h>O being a fixed positive number and, a standard associated function K 
satisfying the above requirements being expressed as 
(18) K(t) = ht , tER+ 
so that, an application of Theorem 4 yields the following. 
THEOREM 5. Under the above particularizations suppose the positive 
constant h > 0 is such that 
P)” lim inf (1 /t)d(S(t)v,F) 5 h, v E F 1-o+ 
then we have the evaluation (in case w # 0) 
(GE)’ d(S(t)u, F) I (h/o)(ewr - l), t E R +, u E F 
and respectively (in case w = 0) 
(GE)” d(S(t)u,F)<ht,tER+, UEF. 
At this point, we have to remark that, in the above theorem, we adopted (ix) 
as a basic specific hypothesis while, in the parallel Brezis-Browder’s result [6, 
Theorem 21 it was used, instead of (ix), the continuity hypothesis 
(xii) t + S(t)v is continuous on R+, for any v E F 
Of course, (ix) and (xii) are independent each other; in the same time, it must be 
observed that, by Lemma 1 of [6], Brezis-Browder’s ordering principle could be 
substituted in their theorem by our maximality principle stated in Section 1 but 
the reverse replacement is not possible (since the above quoted Lemma is essen- 
tially related to (xii)) proving our theorem is not reductible to Brezis-Browder’s 
technique. 
As in the preceding paragraph, suppose the contraction semigroup S 
possesses a derived process (I, v) ti T(t, v) = T(t)v from R + x V into V satisfying 
condition (Q) then, a necessary and sufficient condition assuring the validity 
of (D)” is 
<Qo> lim inf (l/t)d(T(t)v,F)Ih,vEF t-o+ 
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Moreover, in case V is a Banach space, assume the contraction semigroup S 
possesses an infinitesimal generator A from V into V expressed by (5) then, 
defining the derived process Tas in (6), condition (QO) becomes 
(Qo)' lim inf (l/t)d(v+tAv,F)Ih,vEF P+o+ 
in which case it may be compared with the classical Nagumo-Martin’s “semi- 
group” invariance conditions quoted in the Introduction (see also H. Brezis [5], 
K. Deimling and V. Lakshmikantham [15], P. Hartman [18], N. Pave1 and 
M. Turinici [29], J.A. Yorke [39]) being also interpreted either from a “geo- 
metric” point of view (J.M. Bony [4), M.G. Crandall[l3], R.M. Redheffer [31 J) 
or from an “inwardness” one (J. Caristi [ll], J. Caristi and W.A. Kirk [12]). 
4. APPLICATIONS TO LIPSCHITZIANNESS TESTS 
Let (v,l’,d) be a complete metric space, u E V a fixed element andf:R+ +R+ a 
given function. By an (u,f)-contraction semigroup on V we mean a mapping 
(t, V)I-S(t, v) = S(t)v from R + x V into V satisfying hypotheses (iv) plus 
(vii)-(xi) where (ix) is replaced by 
(ix)’ S(t)u+u us t-0-t. 
Of course, every (u,f)-contraction semigroup is, in fact, identical with a (F,f)- 
contraction semigroup with F= {u}. Moreover, it is also clear that condition 
(0) of the preceding paragraph becomes, in this context 
(E> lim inf (l/U(t))d(S(t)u, U) I 1 f-o+ 
so that an application of Theorem 4 yields the following function lipschitzianness 
test for this class of semigroup processes. 
THEOREM 6. Suppose the (u, f )-con traction semigroup S and the f-admissible 
function HE Af are such that (E) holds. Then the following Lipschitz property 
will be satisfied 
(LPI d(S(t)u,S(s)u)lg(a)H( 1 t-sl),Ors, tla,aER+ 
g being the associated function generated by f. 
PROOF. Let a E R + be a given positive number and let s, t E R + be such that 
Ols, t 5 a (of course, without loss of generality we may suppose SI t). As 
Theorem 4 applies, it follows, by the global evaluation (GE), that 
d(S(t - s)u, u) <H(t - s) 
and therefore, by hypotheses (vii) plus (viii) 
d(S(t)u, S(s)u) = d(S(s)S(t - s)u,S(s)u) 5 
sfls)d(S(t - s)u, u) I g(a)H(t -s) 
proving our assertion. Q.E.D. 
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As above, supposef is given by (16) then, defining W and K by (17) and (18) 
respectively, and remembering that, under these circumstances (0) is equivalent 
with (D)‘, we get 
THEOREM 7. Under the above particular choice of the function f suppose 
the positive constant h > 0 is such that 
(W lim inf (l/t)d(S(t)u,u)sh 
t+o + 
then we have the evaluation (in case w + 0) 
um d(S(t)u, S(s)u) I (max(1, eT)((h/w)(e”l’-“I - 1)) 
and respectively (in case w = 0) 
WY” d(S(t)u, S(s)u) I h 1 t -s 1 
forevery t,sER+,Ozzt,s<a,aER+. 
It should be noted that the above theorem proved - in case w = 0 and V is a 
Banach space- by M.G. Crandall and A. Pazy [14] (see also V. Barbu 
[Z, ch. III]) through a direct method, has a number of important applications to 
(nonlinear) contraction semigroups theory; we refer especially to the above 
quoted Barbu’s work for more details and concrete discussions. 
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